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The objective of this note is to prove that the Riemann solutions of the isentropic
magnetogasdynamics equations converge to the corresponding Riemann solutions of the
transport equations by letting both the pressure and the magnetic field vanish. The delta
shock wave can be obtained as the limit of two shock waves and the vacuum state can be
obtained as the limit of two rarefaction waves. Moreover the relation between the speed
of formation of singular density and those of the vanishing pressure and the vanishing
magnetic field is discussed in detail.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this note, we consider the conservation law system which governs the one-dimensional unsteady simple flow of an
isentropic, inviscid and perfectly conducting compressible fluid subject to a transverse magnetic field as [1]:
ρt + (ρu)x = 0,
(ρu)t + (p+ ρu2 + B2/2µ)x = 0. (1)
In which ρ ≥ 0, u, p ≥ 0, B ≥ 0 andµ > 0 represent the density, velocity, pressure, transverse magnetic field andmagnetic
permeability, respectively. Moreover, p and B are defined as p = k1ργ and B = k2ρ where k1 and k2 are positive constants
and γ is the adiabatic constant in the range 1 ≤ γ ≤ 2 for most gases.
The Riemann problem and interactions of elementary waves for (1) are well investigated in [1]. Here we want to know
whether the limits of Riemann solutions to (1) converge to the corresponding Riemann solutions to the formal limit system
ρt + (ρu)x = 0,
(ρu)t + (ρu2)x = 0, (2)
by letting the pressure and themagnetic field disappear, namely letting k1 → 0 and k2 → 0 in (1). The system (2) is nothing
but the transport equations (also called the pressureless Euler equations)whose Riemann problemhas beenwell established
in [2] and the delta shock wave occurs in the Riemann solutions; also see [3–6] for the related results. About the delta shock
wave, we can see the recent survey [7] and the references therein.
In fact, the similar problems on the Euler equations have been carried out for the isentropic case [8] and the isothermal
case [9,10] by letting the pressure term vanish. We can also refer to [11–15] for the related work. In the present note we
generalize the above results to (1), namely we analyze the formation of the delta shockwave as the limit of two shockwaves
and the vacuum state as the limit of two rarefaction waves in the Riemann solutions to (1) as k1, k2 → 0. It is interesting to
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Fig. 1. Hugoniot locus for (1).
notice that the speed of formation of singularity for the density of the intermediate state depends on those of k1 → 0 and
k2 → 0. More precisely, it mainly depends on the vanishing pressure, the vanishing magnetic field or both according to the
limit of (k1)1/γ /k2 as k1, k2 → 0.
2. The Riemann solutions for (1) and (2)
In this section, we restate the Riemann problems for the isentropic magnetogasdynamics equations (1) and the transport
equations (2); see [1,2] for the detailed study on the Riemann problems for them. For the general knowledge about the
Riemann problem for hyperbolic conservation laws, see [16–18] for example.
The Riemann initial data are
(ρ, u)(x, 0) = (ρ±, u±), ±x > 0, (3)
where ρ± ≥ 0 and u± are all given constants.
Let us denote w(ρ) =

k1γ ργ−1 + (k22ρ)/µ and the eigenvalues of system (1) are λ1 = u − w and λ2 = u + w,
respectively, so it is strictly hyperbolic for k1 > 0 and k2 > 0. The corresponding right eigenvectors are
−→r1 = (−ρ,w)T and−→r2 = (ρ,w)T , thus ∇λi · −→ri ≠ 0 (i = 1, 2) namely both the characteristic fields are genuinely nonlinear for k1 > 0 and
k2 > 0.
Then, for a given left state (ρ−, u−), the rarefaction wave curves in the phase plane, which are the sets of states that can
be connected on the right by 1-rarefaction wave or 2-rarefaction wave, are as follows:
R1(ρ−, u−) : u− u− = −
∫ ρ
ρ−
w(s)
s
ds, ρ < ρ−; (4)
R2(ρ−, u−) : u− u− =
∫ ρ
ρ−
w(s)
s
ds, ρ > ρ−. (5)
It follows that uρ < 0 and uρρ > 0 for 1-rarefaction wave and uρ > 0 and uρρ < 0 for 2-rarefaction wave when 1 ≤ γ ≤ 2,
namely the 1-rarefaction wave curve is convex and monotonic decreasing while the 2-rarefaction wave curve is concave
and monotonic increasing in the (u, ρ) plane.
By applying the Rankine–Hugoniot condition, we can conclude that the sets of states which can be connected to (ρ−, u−)
by 1-shock wave and 2-shock wave on the right are as follows (see [1, Lemma 2.1]):
S1(ρ−, u−) : u = u− − g(ρ−, ρ), ρ > ρ−; (6)
S2(ρ−, u−) : u = u− − g(ρ−, ρ), ρ < ρ−; (7)
in which g(ρ−, ρ) can be expressed by
g(ρ−, ρ) =

k1ργ + (k2ρ)
2
2µ
− k1ργ− − (k2ρ−)
2
2µ

1
ρ−
− 1
ρ

. (8)
It can be seen that these curves satisfy the Lax entropy inequalities (see [1, Lemma 2.2]). Similarly, we have uρ < 0 and
uρρ > 0 for 1-shock wave and uρ > 0 and uρρ < 0 for 2-shock wave when 1 ≤ γ ≤ 2.
The half phase plane (ρ ≥ 0) can be divided into five parts. According to the right state (ρ+, u+) in the different part, the
unique global Riemann solution connecting two constant states (ρ−, u−) and (ρ+, u+) can be constructed. See Fig. 1, where
u0 = u− +
 ρ−
0
w(s)
s ds.
The transport equations (2) have a double eigenvalue λ = u and only one right eigenvector −→r = (1, 0)T and we
have ∇λ · −→r = 0 which means that λ is linearly degenerate. The Riemann problem (2) and (3) can be solved by contact
discontinuities, vacuum or delta shock wave connecting two constant states (ρ±, u±).
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For the case u− < u+, there is no characteristic passing through the region u− < ξ = x/t < u+ and vacuum appears.
The solution can be expressed as
(ρ, u)(x, t) =

(ρ−, u−), −∞ < ξ ≤ u−,
(0, ξ), u− ≤ ξ ≤ u+,
(ρ+, u+), u+ ≤ ξ <∞.
(9)
For the case u− = u+, it is easy to see that the constant states (ρ±, u±) can be connected by a contact discontinuity.
For the case u− > u+, a solution containing aweighted δ-measure supported on a line should be constructed. Let x = x(t)
be a discontinuity curve, we consider the measure solution in the form
(ρ, u)(x, t) =

(ρ−, u−), x < x(t),
(β(t)δ(x− x(t)), uδ(t)), x = x(t),
(ρ+, u+), x > x(t).
(10)
In order to define the measure solutions as above, like as in [2,8,14], the two-dimensional weighted δ-measure p(s)δS
supported on a smooth curve S = {(x(s), t(s)) : a < s < b} should be introduced as follows:
⟨p(s)δS, ψ(x(s), t(s))⟩ =
∫ b
a
p(s)ψ(x(s), t(s))ds, (11)
for any ψ ∈ C∞0 (R× R+).
The measure solution (10) satisfies the generalized Rankine–Hugoniot condition
dx
dt
= uδ(t), dβ(t)dt = [ρ]uδ(t)− [ρu],
d(β(t)uδ(t))
dt
= [ρu]uδ(t)− [ρu2], (12)
where [ρ] = ρ(x(t)+ 0, t)− ρ(x(t)− 0, t) denotes the jump of ρ across the discontinuity x = x(t), etc.
Let us denote σ =
√
ρ−u−+√ρ+u+√
ρ−+√ρ+ . Through solving (12), we obtain
x(t) = σ t, uδ(t) = σ , β(t) = √ρ−ρ+(u− − u+)t. (13)
The unique entropy solution (10) with (13) can be chosen from (12) obeying the δ-entropy condition: u+ < σ < u−.
3. The limits of Riemann solutions of (1) as k1, k2 → 0
This section is devoted to proving that the limits of the Riemann solutions of (1) are exactly those of (2) as k1, k2 → 0.
The proof is based on the detailed analysis of the Riemann problem of (1) and (3). Indeed, this analysis permits us to exhibit
the limits of the solutions to the Riemann problem of (1) and (3) as k1, k2 → 0, which are nothing but the expected solutions
to the Riemann problem of (2) and (3).
At first, we study the formation of delta shock wave in the Riemann problem (1) and (3) when u− > u+ as k1, k2 → 0.
The curves S1 and S2 in the phase plane (see Fig. 1) become steeper as k1, k2 → 0, thus it follows that (ρ+, u+) ∈ IV (ρ−, u−)
for sufficiently small k1, k2 if u− > u+.
If (ρ+, u+) ∈ IV (ρ−, u−), then the Riemann solution consists of two shockwaves S1, S2 and an intermediate state (ρ∗, u∗)
besides two constant states (ρ±, u±). It can be derived from (6) and (7) that (ρ∗, u∗) is determined by
u∗ = u− − g(ρ−, ρ∗), ρ∗ > ρ−; (14)
u+ = u∗ − g(ρ∗, ρ+), ρ+ < ρ∗. (15)
The addition of (14) and (15) gives
g(ρ−, ρ∗)+ g(ρ∗, ρ+) = u− − u+. (16)
For given ρ± > 0, letting k1, k2 → 0 in (16), we have
lim
k1,k2→0

k1ρ
γ
∗ + (k2ρ∗)
2
2µ
·

1
ρ−
− 1
ρ∗
+

1
ρ+
− 1
ρ∗

= u− − u+. (17)
Noticing that ρ∗ > ρ±, one can see that 1ρ− − 1ρ+
 <

1
ρ−
− 1
ρ∗
+

1
ρ+
− 1
ρ∗
<

1
ρ−
+

1
ρ+
. (18)
Thus we have limk1,k2→0

k1ρ
γ
∗ + (k2ρ∗)2/(2µ) > 0, which implies that limk1,k2→0 ρ∗ = ∞.
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It can be derived from (17) that
lim
k1,k2→0

k1ρ
γ
∗ + (k2ρ∗)
2
2µ
=
√
ρ−ρ+(u− − u+)√
ρ− +√ρ+ . (19)
From (19), we can see that the growth rate of ρ∗ →∞ depends on those of k1 → 0 and k2 → 0. Moreover, we can also
regard ρ∗ as the function of k1 and k2 and denote it with ρ∗ = ρ∗(k1, k2). Let us rewrite (19) in the following form
lim
k1,k2→0
k1ργ∗ + limk1,k2→0
(k2ρ∗)2
2µ
= M, (20)
whereM = ρ−ρ+(u−−u+)2
(
√
ρ−+√ρ+)2 .
Taking into account k1, k2, µ > 0, we can see that
0 ≤ lim
k1,k2→0
k1ργ∗ , limk1,k2→0
(k2ρ∗)2
2µ
≤ M. (21)
Furthermore, we have
0 ≤ lim
k1,k2→0
(k1)1/γ ρ∗ ≤ M1/γ , 0 ≤ lim
k1,k2→0
k2ρ∗ ≤

2µM. (22)
Now our discussion can be divided into the following three cases according to the relation between the speed of k1 → 0
and that of k2 → 0.
(i) If limk1,k2→0(k1)
1/γ /k2 = 0, then we have
lim
k1,k2→0
k1ργ∗ = 0, limk1,k2→0
(k2ρ∗)2
2µ
= M. (23)
In this case the growth rate of ρ∗ →∞mainly depends on that of k2 → 0, namely the developing speed of the singularity
of ρ∗ is mainly determined by the speed of vanishing magnetic field. More precisely, we have ρ∗ ∼ 1/k2 as k1, k2 → 0.
(ii) If limk1,k2→0(k1)
1/γ /k2 = ∞, then we have
lim
k1,k2→0
k1ργ∗ = M, limk1,k2→0
(k2ρ∗)2
2µ
= 0. (24)
Like as before, the growth rate of ρ∗ →∞mainly depends on that of k1 → 0. Now the developing speed of the singularity
of ρ∗ is mainly determined by the speed of vanishing pressure, namely ρ∗ ∼ (k1)−1/γ as k1, k2 → 0.
(iii) If limk1,k2→0(k1)
1/γ /k2 = c , let us denote x = limk1,k2→0 k2ρ∗, then it follows from (20) that
2µcγ xγ + x2 = 2µM. (25)
It can be shown that
lim
k1,k2→0
k1ργ∗ = cγ xγ , limk1,k2→0
(k2ρ∗)2
2µ
= x
2
2µ
. (26)
In this case, the growth rate of ρ∗ → ∞ depends on both of those of k1 → 0 and k2 → 0. It is clear that the developing
speed of the singularity of ρ∗ is determined by both the speed of vanishing pressure and that of vanishing magnetic field
from the relation ρ∗ ∼ (k1)−1/γ ∼ 1/k2 as k1, k2 → 0.
Remark 1. For the special situations γ = 1 and γ = 2, x can be explicitly expressed as x = 2µM + µ2c2 −µc for γ = 1
and x = 2µM/(2µc2 + 1) for γ = 2, respectively.
From the above analysis, we can see that the density of the intermediate state ρ∗ becomes singular when both the
pressure and magnetic field vanish. Now we discuss the velocity of the intermediate state u∗ in the limit and it follows
from (14) and (19) that
lim
k1,k2→0
u∗ = u− −
√
ρ+(u− − u+)√
ρ− +√ρ+ =
√
ρ−u− +√ρ+u+√
ρ− +√ρ+ = σ = uδ(t). (27)
The Rankine–Hugoniot conditions for both shocks S1 and S2 are
σ1(ρ∗ − ρ−) = ρ∗u∗ − ρ−u−, σ2(ρ+ − ρ∗) = ρ+u+ − ρ∗u∗. (28)
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Thus the limits of the propagation speeds of the 1-shock wave and 2-shock wave can be calculated respectively by
lim
k1,k2→0
σ1 = lim
k1,k2→0
ρ∗u∗ − ρ−u−
ρ∗ − ρ− = σ , (29)
lim
k1,k2→0
σ2 = lim
k1,k2→0
ρ+u+ − ρ∗u∗
ρ+ − ρ∗ = σ . (30)
From the above results, it can be found that the two shocks coincide as k1, k2 → 0 whose velocities are identical with that
of the delta shock of the transport equations (2) with the same Riemann initial data (ρ±, u±).
It is easily derived from (28) that
(σ1 − σ2)ρ∗ = ρ+u+ − ρ−u− + σ1ρ− − σ2ρ+. (31)
With (29) and (30) in mind, taking the limit in (31) leads to
lim
k1,k2→0
(σ1 − σ2)ρ∗ = [ρu] − σ [ρ]. (32)
Hence, we have
lim
k1,k2→0
∫ σ2t
σ1t
ρ∗dx = (σ [ρ] − [ρu])t = √ρ−ρ+(u− − u+)t = β(t), (33)
which is exactly the strength of the delta shock wave of the transport equations (2) with the same Riemann initial data
(ρ±, u±).
Remark 2. From above, we can see that ρ∗ has the same singularity as a weighted Dirac delta function at x = σ t in the limit
situation, which is called the delta shock wave in [19]. From (27), (29), (30) and (33), we can also see that the limit of the
Riemann solution of (1) and (3) as k1, k2 → 0 is (10) with (13) when u− > u+, which is exactly the corresponding Riemann
solution of (2) and (3) and obviously obeys the generalized Rankine–Hugoniot condition (12). For the strict proof about the
weak limit of the Riemann solution of (1) and (3) as k1, k2 → 0 is that of (2) and (3), the process is similar to Theorem 3.1
in [8] and Theorem 6.3 in [14] and we omit it here.
Second, we study the formation of contact discontinuity in the Riemann problem (1) and (3) for the special case u− = u+
as k1, k2 → 0. For u− = u+, (ρ±, u±) can be connected by S1, an intermediate state (ρ∗, u∗) and R2 for ρ+ > ρ− or by R1,
(ρ∗, u∗) and S2 for ρ+ < ρ−. In particular, (ρ, u) is a constant state (ρ−, u−) for ρ− = ρ+.
If ρ+ > ρ−, (ρ∗, u∗) between S1 and R2 can be obtained from (14) and
u+ − u∗ =
∫ ρ+
ρ∗
w(s)
s
ds, ρ+ > ρ∗. (34)
Noticing that ρ∗ is bounded here and letting k1, k2 → 0 in (34), it can be immediately obtained that limk1,k2→0 u∗ = u+.
Noting u+ = u− and combining (14) and (34), we have
g(ρ−, ρ∗)−
∫ ρ+
ρ∗
w(s)
s
ds = 0. (35)
Furthermore, we have
ρ
γ
∗ + (k2ρ∗)
2
2µk1
− ργ− − (k2ρ−)
2
2µk1

1
ρ−
− 1
ρ∗

−
∫ ρ+
ρ∗

γ sγ−1 + (k22s)/(µk1)
s
ds = 0, (36)
which implies that limk1,k2→0 ρ∗ ≠ ρ−.
Thus, we get
lim
k1,k2→0
σ1 = lim
k1,k2→0
ρ∗u∗ − ρ−u−
ρ∗ − ρ− = limk1,k2→0

u∗ + ρ−(u∗ − u−)
ρ∗ − ρ−

= u−. (37)
On the other hand, we have
lim
k1,k2→0
λ2(ρ∗, u∗) = lim
k1,k2→0

u∗ +

k1γ ρ
γ−1
∗ + (k22ρ∗)/µ

= u−, (38)
lim
k1,k2→0
λ2(ρ+, u+) = lim
k1,k2→0

u+ +

k1γ ρ
γ−1
+ + (k22ρ+)/µ

= u+ = u−. (39)
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According to (37)–(39), we can see that both S1 and R2 degenerate to the contact discontinuity J as k1, k2 → 0. The similar
analysis can be carried out for ρ+ < ρ− and both R1 and S2 degenerate to J in the limit situation.
Finally, we consider the formation of vacuum state in the Riemann problem (1) and (3) when u− < u+ as k1, k2 → 0. The
curves R1 and R2 in the phase plane (see Fig. 1) also become steeper as k1, k2 → 0, and it follows that (ρ+, u+) ∈ V (ρ−, u−)
for sufficiently small k1, k2 if u− < u+. Hence, the intermediate state (ρ∗, u∗) becomes a vacuum state (ρ∗, u∗) = (0, ξ)
with u1 ≤ ξ ≤ u2. From (4) and (5), we can see that the limits of u1 and u2 can be calculated respectively by
lim
k1,k2→0
u1 = u− − lim
k1,k2→0
∫ 0
ρ−

k1γ sγ−1 + (k22s)/µ
s
ds = u−, (40)
lim
k1,k2→0
u2 = u+ − lim
k1,k2→0
∫ ρ+
0

k1γ sγ−1 + (k22s)/µ
s
ds = u+. (41)
Thus the limit of Riemann solution to (1) is exactly (9) in this case. Based on the above analysis, when k1, k2 → 0, we
can see that the left boundary of 1-rarefaction wave and the right boundary of 2-rarefaction wave become two contact
discontinuities of the transport equations (2) with the same Riemann initial data (ρ±, u±) and the vacuum state fills up the
region between the two contact discontinuities.
In brief, we summarize our results in the following.
Theorem 1. For any given Riemann initial data (u±, v±), the limits of the Riemann solutions of the isentropic
magnetogasdynamics equations (1) are exactly the Riemann solutions of the transport equations (2) with the same Riemann
initial data as k1, k2 → 0.
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